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Abstract
The aim of this talk is to obtain a sharp version of the Olsen inequality in terms
of Orlicz norms and to apply it to the MHD equations. Our new result will loosen
the assumption needed for the uniqueness of the solutions. We want to propose a
new result that promises many applications to PDEs in general and we intend to
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$1\leq q\leq p<\infty$ $\Vert\cdot\Vert_{\mathcal{M}_{q}^{p}}$
$\Vert f\Vert_{\mathcal{M}_{q}^{p}}:=\sup_{x\in R^{n},r>0}r^{\frac{n}{p}-\frac{n}{q}}(\int_{B(x,r)}|f(y)|^{q}dy)^{\frac{1}{q}}$ (1)
$p_{0}\geq p_{1}\geq p_{2}\geq 1$












$1<q \leq p<\infty, 1<t\leq s<\infty, \frac{1}{S}=\frac{1}{p}-\frac{\alpha}{n},\frac{q}{p}=\frac{t}{s}$ (4)
$I_{\alpha}$ $f\in \mathcal{M}_{q}^{p}$
$I_{\alpha}$ $\mathcal{M}_{q}^{p}$ $\mathcal{M}_{t}^{s}$ $Q\in$ $\mathcal{Q}$(
)
$|Q|^{1/s}( \frac{1}{|Q|}\int_{Q}|I_{\alpha}f(x)|^{t}dx)^{1/t}\leq C\Vert f\Vert_{\mathcal{M}_{q}^{p}}, \frac{1}{t}=\frac{q}{p}\frac{1}{\mathcal{S}}, \frac{1}{s}=\frac{1}{q}-\frac{\alpha}{n}$ (5)
2.2
$2.2.0<\alpha<n,$ $1<p\leq P0<\infty,$ $1<q\leq q0<\infty,$ $1<r\leq r_{0}<\infty$
$q>r, \frac{1}{p_{0}}>\frac{\alpha}{n}, \frac{1}{q_{0}}\leq\frac{\alpha}{n}$ , (6)
$\frac{1}{r_{0}}=\frac{1}{q_{0}}+\frac{1}{p_{0}}-\frac{\alpha}{n}, \frac{r}{r_{0}}=\frac{p}{p_{0}}$ (7)
$f,$ $g$
$\Vert g\cdot I_{\alpha}f\Vert_{\mathcal{M}_{r^{0}}^{r}}\leq C\Vert g\Vert_{\mathcal{M}_{q^{0}}^{q}}\cdot\Vert f\Vert_{\mathcal{M}_{p}^{p_{0}}},$
(2) $q$



















2.3 (Fefferman-Phong ). $1<p\leq n/2,$ $n\geq 3$
$f$ : $\mathbb{R}^{n}arrow[0, \infty)$ $w\in \mathcal{M}^{p,n/2}$
$\int_{\mathbb{R}^{n}}|f(x)|^{2}w(x)dx\leq C\Vert w\Vert_{\mathcal{M}^{p,n/2}}\int_{\mathbb{R}^{n}}|\nabla f(x)|^{2}dx, f\in H^{1}(\mathbb{R}^{n})$
2
$|f(x)|\leq CI_{1}[|\nabla f|](x)$
2.4 (Fefferman-Phong ). $1<P\leq n/2,$ $n\geq 3$
$f$ : $\mathbb{R}^{n}arrow[0, \infty)$ $w\in \mathcal{M}^{p,n/2}$







2.6. ) $0<s\leq n/2$







$\frac{l}{2\log 2}+\frac{l}{3\log 3}+\cdots+\frac{l}{n\log n}+\cdots$
log logx
$a>1$
$\frac{1}{2(\log 2)^{a}}+\frac{1}{3(\log 3)^{a}}+\cdots+\frac{1}{n(\log n)^{a}}+\cdots$
$(\log x)^{1-a}$
2.2 $q$ $q>r$ ([7], 2.5 ),
$q=r$ $r_{q=r+0\rfloor}$
2.5
2.7. $P\in \mathbb{R}$ $1<u<v<\infty$ $\mathcal{M}_{L^{u}\log^{P}L}^{v}$













$L^{v}(\mathbb{R}^{n})\hookrightarrow L^{v,\infty}(\mathbb{R}^{n})\hookrightarrow \mathcal{M}_{\tilde{u}}^{v}(\mathbb{R}^{n})\hookrightarrow \mathcal{M}_{L^{u}\log^{P}L}^{v}(\mathbb{R}^{n})\hookrightarrow \mathcal{M}_{u}^{v}(\mathbb{R}^{n})$ (10)
$L^{v,\infty}(\mathbb{R}^{n})$
$1 f\Vert_{L^{v,\infty}}=\sup_{t>0}t|\{|f|>t\}|^{1/v}$
(1), (2), (3), (4)
(1) (a)
$\int_{\mathbb{R}^{n}}|f(x)|^{v}dx=\int_{\mathbb{R}^{n}}(\int_{0}^{|f(x)|}v\lambda^{v-1}d\lambda)dx=\int_{0}^{\infty}v\lambda^{v-1}|\{|f|>\lambda\}|d\lambda$





$=|B|^{1/v-1/u}( \int_{0}^{\infty}u\lambda^{u-1}|\{x\in B: |f(x)|>\lambda\}|d\lambda)^{1/u}$
$L^{v,\infty}$
(b) $u,\tilde{u}$ (4)
(3) (a) $f\in \mathcal{M}_{\tilde{u}}^{v}$ $B$ $C_{0}\gg 1$






$\Vert f\Vert_{B,L^{u}\log^{P}L}\leq 4\cdot 3^{\tilde{u}}C_{0}. (\frac{1}{|B|}\int_{B}|f(x)|^{\tilde{u}}dx)^{1/\tilde{u}}$ (14)
$\lambda_{1}=0$ $f$ ae.
$C_{0}$
$\Vert f\Vert_{\mathcal{M}_{L^{u}1}^{v}}$ $g^{r}L\leq 4\cdot 3^{\tilde{u}}C_{0}\Vert f\Vert_{\mathcal{M}\frac{v}{u}}$ (15)
(b) (4)










$f_{e}(x):= \frac{1}{2}e+\frac{1}{4}x (x\in \mathbb{R}^{2})$






















$\Vert f\Vert_{B(x,R),\Psi}:=\inf\{\lambda>0:\frac{1}{|B(x,R)|}\int_{B(x,R)}\Psi(\frac{|f(y)|}{\lambda})dx\leq 1\}$ (19)
$\Psi$ $\Phi$
$\Psi(t)=\sup\{st-\Phi(s):s\geq 0\}$ (20)






2.11. $f,$ $g$ $B(x, R)$
$\frac{1}{|B(x_{\}}R)|}\int_{B(x,R)}|f(x)g(x)|dx\leq C\Vert f\Vert_{B(x,R),L^{2}\log^{P}L}\Vert g\Vert_{B(x,R),L^{2}\log^{-P}L}$ (23)
2
$l|I_{\alpha}f(x);= \sup_{R>0}|B(x, R)|^{\alpha/n}\frac{1}{|B(x,R)|}\int_{B(x,R)}|f(y)|dy$ (24)
$t^{2}\log^{-P}(3+t)$ -
$M^{L^{2}\log^{-P}L}f(x):= \sup_{R>0}\Vert f\Vert_{B(x,R),L^{2}\log^{-P}L}$ (25)
$M_{\alpha}$ $t^{2}\log^{-P}(3+t)$-





2.13. ( 2.12 ) $Q$
$| \{x\in Q:M^{\Psi}[f\chi_{Q}](x)>t\}|\leq C\int_{x\in Q:f(x)>t/2\}}\Psi(\frac{f(y)}{t})dy$ (26)
[10, Lemma 2.10]
$Q$
$| \{x\in \mathbb{R}^{n}:M^{\Psi}f(x)>t\}|\leq C\int_{x\in \mathbb{R}^{n}:f(x)>t/2\}}\Psi(\frac{f(y)}{t})dy$ (27)
$\int_{0}^{2a}t\Psi(\frac{a}{t})dt=a^{2}\int_{0}^{2}t\Psi(\frac{1}{t})dt=a^{2}\int_{0}^{2}\frac{1}{t\log^{P}(3+t^{-1})}dt<\infty,$ $a>0$ (28)
(27) $tdt$ $(0, \infty)$ (28)
$\{x\in \mathbb{R}^{n}$ : $M^{\Psi}f(x)>t\}$ $\Psi$ $t$
2.9 ( 2.8)
$P$ 2 $\mathcal{D}=\{2^{-k}m+$
$2^{-k}[0,1)^{n}$ : $k\in \mathbb{Z},$ $m\in \mathbb{Z}^{n}\}$
2.14. $f$
$I_{\alpha}f(x) \leq C\sum_{Q\in \mathcal{D}}|Q|^{\alpha/n}(\frac{1}{|Q|}\int_{3Q}f(y)dy)xQ(x)$ (29)
$\mathbb{R}^{n}\backslash \{x\}$
$\mathbb{R}^{n}\backslash \{x\}=\bigcup_{k\in \mathbb{Z}}(B(x, 2^{-} \backslash B(x, 2^{-k-1}))$
(30)
$I_{\alpha}(f)(x) \leq C\sum_{k\in \mathbb{Z}}2^{k(n-\alpha)}\int_{B(x,2^{-k})}f(y)dy$ (31)
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$k$ $\mathcal{D}_{k};=\{2^{-k}m+2^{-k}[0,1)^{n}:m\in \mathbb{Z}^{n}\}$ $\mathbb{R}^{n}$
$I_{\alpha}f(x) \leq C\sum_{k\in \mathbb{Z}}2^{k(n-\alpha)}\int_{B(x,2^{-k})}f(y)dy=C\sum_{k\in \mathbb{Z}}\sum_{Q\in \mathcal{D}_{k}}\frac{\chi_{Q}(x)}{|Q|^{1-\alpha/n}}\int_{B(x,2^{-k})}f(y)dy$ (32)
$Q\in \mathcal{D}_{k}$ $x\in \mathbb{R}^{n}$ $B(x, 2^{-k})\subset 3Q$ (32)
$I_{\alpha}f(x) \leq C\sum_{k\in \mathbb{Z}}\sum_{Q\in \mathcal{D}_{k}}\frac{\chi_{Q}(x)}{|Q|^{1-\alpha/n}}\int_{3Q}f(y)dy\leq C\sum_{Q\in \mathcal{D}}|Q|^{\alpha/n}(\frac{1}{|Q|}\int_{3Q}f(y)dy)$ . (33)
$\mathcal{D}_{1}(Q_{0})$ $Q_{0}$ 2
2.15. $h\in L^{\infty}(Qo)$ $\gamma 0:=mQ_{0}(h),$ $c0;=2^{n+1}$
$k=1,2,$ $\ldots$






$E_{0}=Q_{0}\backslash D_{1}$ $E_{k,j}=Q_{k,j}\backslash D_{k+1}$ (37)
$\{E_{0}\}\cup\{E_{k,j}\}$ $Qo$
$|Q_{0}|\leq 2|E_{0}|$ $|Q_{k,j}|\leq 2|E_{k,j}|$ (38)
2.
$\mathcal{D}_{0} = \{Q\in \mathcal{D}_{1}(Q_{0}):mQ(h)\leq\gamma_{0}c\}$ (39)






$\int_{Q_{0}}g(x)^{2}I_{\alpha}f(x)^{2}dx\leq C\Vert g\Vert_{\mathcal{M}_{L^{2}\log^{P}L}^{n/\alpha}}^{2}\Vert f\Vert_{2}^{2}$ (42)
2 $Q_{0}$ 2.14 (42)
$\int_{Q_{0}}g(x)^{2}\{\sum_{Q\in \mathcal{D}}|Q|^{\alpha/n}(\frac{1}{|Q|}\int_{3Q}f(y)dy)\chi_{Q}(x)\}^{2}dx\leq C\Vert g\Vert_{\mathcal{M}_{L^{2}\log^{P}L}^{n/\alpha}}^{2}\Vert f\Vert_{2}^{2}$ (43)
(43) $Q_{0}$
$\int_{Q_{0}}g(x)^{2}\{\sum_{Q\in \mathcal{D}}|Q|^{\alpha/n}(\frac{1}{|Q|}\int_{3Q}f(y)dy)\chi_{Q}(x)\}^{2}dx\leq C\Vert g\Vert_{\mathcal{M}_{L^{2}\log^{P}L}^{n/\alpha}}^{2}\Vert f\Vert_{2}^{2}$ (44)
$\int_{Q_{0}}g(x)^{2}\{\sum_{Q\in \mathcal{D}}|Q|^{\alpha/n}(\frac{1}{|Q|}\int_{3Q}f(y)dy)\chi_{Q}(x)\}^{2}dx\leq C\Vert g\Vert_{\mathcal{M}_{L^{2}\log^{P}L}^{n/\alpha}}^{2}\Vert f\Vert_{2}^{2}$ (45)
(44) 2
$k\in \mathbb{N}$ 2 $Q$ $Q\supset Q_{0}$ $|Q|=2^{kn}|Q_{0}|$
1 $x\in Q$





$Q \subset Q_{0}\sum_{Q\in \mathcal{D}}|Q|^{\alpha/n}(\int_{Q}g(y)w(y)dy)(\frac{1}{|Q|}\int_{3Q}f(y)dy)\leq C\Vert f\Vert_{2}\Vert g\Vert_{\mathcal{M}_{L^{2}\log^{p}L}^{n/\alpha}}\Vert w\Vert_{2}$
. (47)
$g$ $w$
2.15 $h=g\cdot w\in L^{\infty}$ $\{E_{0}\}\cup\{E_{k,j}\}$
$\sum_{Q\in \mathcal{D}_{0}}|Q|^{\alpha/n-1}(\int_{Q}g(y)w(y)dy)(\int_{3Q}f(y)dy)\leq C\Vert f\Vert_{2}\Vert g\Vert_{\mathcal{M}_{L^{2}\log^{P}L}^{n/\alpha}}\Vert w\Vert_{2}$ (48)
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$\sum_{k,j}\sum_{Q\in \mathcal{D}_{kj}},|Q|^{\alpha/n-1}(\int_{Q}g(y)w(y)dy)(\int_{3Q}f(y)dy)\leq C\Vert f\Vert_{2}\Vert g\Vert_{\mathcal{M}_{L^{2}\log^{P}L}^{n/\alpha}}\Vert w\Vert_{2}$ (49)
(48) (39)
(48) $\leq$ $c \gamma 0\sum_{Q\in \mathcal{D}_{0}}|Q|^{\alpha/n}(\int_{3Q}f(y)dy)$ (50)
(50)
(48) $\leq$ $c \gamma_{0}\sum_{l=0}^{\infty}\{\sum_{Q\in \mathcal{D}_{0},|Q|=2^{-ln}|Q_{0}|}|Q|^{\alpha/n}(\int_{3Q}f(y)dy)\}$
$\leq c\gamma_{0}|Q_{0}|^{\alpha/n}(\int_{3Qo}f(y)dy)$ .
$\gamma_{0}$




(49) $\leq c\gamma 0\sum_{k,j}\sum_{Q\in \mathcal{D}_{kj}},c0^{k}|Q|^{\alpha/n}(\int_{3Q}f(y)dy)$
(50)
(49) $\leq c\gamma 0\sum_{k,j}\sum_{l=0}^{\infty}\sum_{Q\in \mathcal{D}_{k,j},|Q|=2^{-ln}|Q_{0}|}c0^{k}|Q|^{\alpha/n}(\int_{3Q}f(y)dy)$
(38) $M$





(49) $\leq c\sum_{k,j}(\int_{E_{k,j}}M_{\alpha}[g\cdot w](y)Mf(y)dy)$ (51)
$\Psi(t)=t^{2}\log^{-P}(3+t)$
$M_{\alpha}[g\cdot w](y)\leq\Vert g\Vert_{\mathcal{M}_{L^{2}\log^{P}L}^{n/\alpha}}M^{\Psi}w(y) (y\in \mathbb{R}^{n})$ . (52)





$\mathbb{R}^{3}$ MHD $x\in \mathbb{R}^{3},$ $t\in[0, T)$
$u=(u_{1}(x, t), u_{2}(x, t), us(x, t))$ $\omega=(\omega_{1}(x, t),\omega_{2}(x, t),\omega_{3}(x, t))$ $b=$
$(b_{1}(x, t), b_{2}(x, t), b_{3}(x, t))$ $p=p(x, t)$ (micro-rotational ve-
locity), (magnetic field) (hydrostatic pressure)
$\{\begin{array}{l}\partial_{t}u+(u\cdot\nabla)u-(\mu+\chi)\Delta u-(b\cdot\nabla)b+\nabla(p+b^{2})-\chi\nabla\cross\omega=0,\partial_{t}\omega-\gamma\triangle\omega-\kappa\nabla div\omega+2\kappa\omega+(u\cdot\nabla)\omega-\chi\nabla\cross u=0,\partial_{t}b-\nu\Delta b+(u\cdot\nabla)b-(b\cdot\nabla)u=0,divu=divb=0,u(x, 0)=u_{0}(x), b(x, 0)=b_{0}(x),\omega(x, 0)=\omega 0(x) ,\end{array}$ (53)
$u_{0}$ $\omega_{0}$
$b_{0}$ $divu0=0$ $divb_{0}=0$
$\mu$ (kinematic viscosity) $\chi$ (vortex
viscosity) $\kappa$ $\gamma$ (spin viscosities) $\mu$







$L_{\sigma}^{2}(\mathbb{R}^{3}):=\overline{C_{0,\sigma}^{\infty}(\mathbb{R}^{3})}^{\Vert.\Vert_{L^{2}}}=\{u\in L^{2}(\mathbb{R}^{3})^{3}:divu=0\}$ , (55)
$H_{\sigma}^{r}$
$C_{0,\sigma}^{\infty}$
$\Vert u\Vert_{H^{r}};=\Vert(1-\triangle)^{\frac{r}{2}}u\Vert_{L^{2}}$ , for $r\geq 0$ (56)
(53) ([13]
)
3.1. $(u0, b_{0})\in L_{\sigma}^{2}(\mathbb{R}^{3}),$ $\omega 0\in L^{2}(\mathbb{R}^{3}),$ $T>0$ $\mathbb{R}^{3}\cross(0, T)$
$(u, \omega, (53)$ 2
a$)$ $(u, b, \omega)$
$L^{\infty}((O, T);L_{\sigma}^{2}\cap H_{\sigma}^{1}(\mathbb{R}^{3}))^{2}\cross(L^{\infty}((0, T);L^{2})\cap L^{2}((0, T);H^{1}))$ . (57)
b $)$ $\phi(T)=\varphi(T)=\psi(T)=0$ $(\phi, \varphi)\in H^{1}((0, T);H_{\sigma}^{1})$ $\psi\in H^{1}((0, T);H^{1})$
$\int_{0}^{T}\{-\langle u, \partial_{\tau}\phi\rangle+\langle(u\cdot\nabla)u, \phi\rangle+(\mu+\chi)\langle\nabla u, \nabla\phi\rangle\}d\tau$
$- \int_{0}^{T}\{\langle(b\cdot\nabla)b, \phi\rangle+\chi\langle\nabla\cross\omega, \phi\rangle\}d\tau=\langle u_{0}, \phi(0)\rangle,$
$\int_{0}^{T}\{-\langle\omega, \partial_{\tau}\varphi\rangle+\gamma\langle\nabla\omega, \nabla\varphi\rangle+\kappa\langle div\omega, div\varphi\rangle\}d\tau$
$+ \int_{0}^{T}\{2\chi\langle\omega, \varphi\rangle+\langle(u\cdot\nabla)\omega,\varphi\rangle-\chi\langle\nabla\cross u, \varphi\rangle\}d\tau=-\langle\omega_{0}, \varphi(0)\rangle$







3.2. $(u_{0}, b_{0})\in\dot{H}_{\sigma}^{1}(\mathbb{R}^{3}),$ $\omega_{0}\in\dot{H}^{1}(\mathbb{R}^{3})$
$(u, b,\omega)\in C((0, T);\dot{H}_{\sigma}^{1}\cap\dot{H}_{\sigma}^{2}(\mathbb{R}^{3}))^{2}\cross C((0, T);\dot{H}^{1}\cap\dot{H}^{2}(\mathbb{R}^{3}))$ (59)
(53)
$u\in L^{\frac{2}{1-r}}((0, T);\mathcal{M}_{L^{2}\log^{P}L}^{3/r}(\mathbb{R}^{3})) 0<r<1, P>1$ , (60)
$t=T$ $(u,\omega, b)$
3.3. $(u0, b_{0})\in\dot{H}_{\sigma}^{1}(\mathbb{R}^{3}),$ $\omega 0\in\dot{H}^{1}(\mathbb{R}^{3})$
$(u, b,\omega)\in C((0,T);\dot{H}_{\sigma}^{1}\cap\dot{H}_{\sigma}^{2}(\mathbb{R}^{3}))^{2}\cross C((0, T);\dot{H}^{1}\cap\dot{H}^{2}(\mathbb{R}^{3}))$ (61)
(53)
$\int_{0}^{T}\Vert\nabla u(\tau)\Vert_{\mathcal{M}_{L^{2}\log^{P}L}^{3/r}(\mathbb{R}^{3})}^{\frac{2}{2-r}}d\tau<\infty 0<r<2, P>1$ , (62)
$t=T$ $(u,\omega, b)$
3.4. $(u0, b_{0})\in\dot{H}_{\sigma}^{1}(\mathbb{R}^{3}),$ $\omega 0\in\dot{H}^{1}(\mathbb{R}^{3})$
$(u, b,\omega)\in C((0, T);\dot{H}_{\sigma}^{1}\cap\dot{H}_{\sigma}^{2}(\mathbb{R}^{3}))^{2}\cross C((0, T);\dot{H}^{1}\cap\dot{H}^{2}(\mathbb{R}^{3}))$ (63)
(53) $r\in(O, 1)$
$(u, b)\in L^{\frac{2}{1-r}}((0, T);\mathcal{M}_{L^{2}\log^{P}L}^{3/r}(\mathbb{R}^{3}))$










$\langle(b\cdot\nabla)\partial_{x_{i}}b,$ $\partial_{x_{i}}u\rangle+\langle(b\cdot\nabla)\partial_{x_{i}}u,$ $\partial_{x_{i}}b\rangle=0$ (64)
$\langle(u\cdot\nabla)\partial_{x_{i}}u., \partial_{x_{i}}u\rangle=\langle(u\cdot\nabla)\partial_{x_{i}}b, \partial_{x_{i}}b\rangle=0$ . (65)
$\frac{1}{2}\frac{d}{dt}\Vert(\partial_{x_{i}}u, \partial_{x_{i}}\omega, \partial_{x_{i}}b)\Vert_{L^{2}}^{2}+\kappa\Vert\nabla.\partial_{x_{i}}\omega\Vert_{L^{2}}^{2}+2\chi\Vert\partial_{x_{i}}\omega\Vert_{L^{2}}^{2}$
$+ \sum_{j=1}^{3}((\mu+\chi)\Vert\partial_{x_{i}x_{j}}^{2}u\Vert_{L^{2}}^{2}+\gamma\Vert\partial_{x_{i}x_{j}}^{2}\omega\Vert_{L^{2}}^{2}+\nu\Vert\partial_{x_{i}x_{j}}^{2}b\Vert_{L^{2}}^{2})$
$\leq |\langle\partial_{x_{i}}(u\cdot\nabla)u, \partial_{x_{i}}u\rangle|+|\langle\partial_{x_{i}}(b\cdot\nabla)b, \partial_{x_{i}}u\rangle|+|\langle\partial_{x_{i}}(u\cdot\nabla)b, \partial_{x_{i}}b\rangle|$
$+|\langle\partial_{x_{i}}(b\cdot\nabla)u, \partial_{x_{i}}b\rangle|+|\langle\partial_{x_{i}}(u\cdot\nabla)\omega, \partial_{x_{i}}\omega\rangle|+2\chi|\langle\nabla\cross\partial_{x_{i}}u, \partial_{x_{i}}\omega\rangle|$
$= \sum_{k=1}^{6}A_{k}$ (66)
$t\in(O, T),$ $i=1,2,3$ $A_{1}$
$A_{1}=|- \int_{\mathbb{R}^{3}}(u\cdot\nabla)u\cdot\partial_{x_{i}^{2}}^{2}udx|$
$A_{1}\leq\Vert(u\cdot\nabla)u\Vert_{L^{2}}\Vert D^{2}u\Vert_{L^{2}}\leq C\Vert(u\cdot I_{r}(-\triangle)^{\frac{r}{2}}\nabla)u\Vert_{L^{2}}\Vert D^{2}u\Vert_{L^{2}}.$
2.8
$A_{1}\leq C\Vert u\Vert_{\mathcal{M}_{L^{2}\log^{P}L}^{3/r}}\Vert(-\triangle)^{\frac{r}{2}}\nabla u\Vert_{L^{2}}\Vert D^{2}u\Vert_{L^{2}}\leq\Vert D^{2}u\Vert_{L^{2}}\Vert u\Vert_{\mathcal{M}_{L^{2}\log^{P}L}^{3/r}}\Vert\nabla u\Vert_{\dot{H}^{r}}$ (67)
$\dot{H}^{r}(\mathbb{R}^{n})$ $0<r<1$
$\Vert w\Vert_{\dot{H}^{r}}=\Vert|\xi|^{r}\hat{w}\Vert_{L^{2}}=(\int_{\mathbb{R}^{3}}|\xi|^{2r}|\hat{w}|^{2r}|\hat{w}|^{2-2r}d\xi)\leq\Vert w\Vert_{L^{2}}^{1-r}\Vert\nabla w\Vert_{L^{2}}^{r}$ (68)
(68) (67)
$A_{1}\leq C\Vert D^{2}u\Vert_{L^{2}}\Vert u\Vert_{\mathcal{M}_{L^{2}\log^{P}L}^{3/r}}\Vert\nabla u\Vert_{\dot{H}^{1}}^{r}\Vert\nabla u\Vert_{L^{2}}^{1-r}$
$A_{1} \leq C\Vert D^{2}u\Vert_{L^{2}}^{1+r}(\Vert u\Vert_{3/r,2_{\log^{p}L}}^{\frac{2}{\mathcal{M}_{L}1-r}}\Vert\nabla u\Vert_{L^{2}}^{2})^{\frac{1-r}{2}}$
$\leq \frac{\chi}{12}\Vert D^{2}u\Vert_{L^{2}}^{2}+C_{r}\Vert u\Vert_{3/r,2_{\log^{p}L}}^{\frac{2}{\mathcal{M}_{L}1-r}}\Vert\nabla u\Vert_{L^{2}}^{2}$ , (69)
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$A_{2} = | \int_{\mathbb{R}^{3}}(u\cdot\nabla)b\cdot\partial_{x^{2}}^{2}.\cdot bdx|$
$\leq \Vert(u\cdot\nabla)b\Vert_{L^{2}}\Vert D^{2}b\Vert_{L^{2}}$
$\leq C\Vert(u\cdot I_{r}(-\Delta)^{\frac{r}{2}}\nabla)b\Vert_{L^{2}}\Vert D^{2}b\Vert_{L^{2}}$ . (70)
2.8
$A_{2} \leq C\Vert u\Vert_{\mathcal{M}_{L^{2}\log^{P}L}^{3/r}}\Vert\nabla b\Vert_{\dot{H}^{r}}\Vert D^{2}b\Vert_{L^{2}}\leq\frac{\nu}{12}\Vert D^{2}b\Vert_{L^{2}}^{2}+C_{r}\Vert u\Vert_{3/r,2_{\log^{p}L}}^{\frac{2}{\mathcal{M}_{L}1-r}}\Vert\nabla b\Vert_{L^{2}}^{2}$ . (71)
$A_{3},$ $A_{4},$ $A_{5}$
$A_{3}, A_{4} \leq\frac{\nu}{18}\Vert D^{2}b\Vert_{L^{2}}^{2}+C_{r}\Vert u\Vert_{3/f,2_{\log^{p}L}}^{\frac{2}{\mathcal{M}_{L}1-r}}\Vert\nabla b\Vert_{L^{2}}^{2}$ (72)
$A_{5} \leq\frac{\gamma}{6}\Vert D^{2}\omega\Vert_{L^{2}}^{2}+C_{r}\Vert u\Vert_{3/r,2_{\log}P_{L}}^{\frac{2}{\mathcal{M}_{L}1-r}}\Vert\nabla\omega\Vert_{L^{2}}^{2}$ . (73)
$A_{6}$
$\mathcal{A}_{6}\leq\frac{\chi}{2}\Vert\nabla\cross\partial_{x_{i}}u\Vert_{L^{2}}^{2}+2\chi\Vert\nabla\omega\Vert_{L^{2}}^{2}$ (74)
(69), (71), (72), (73), (74) $1\leq i\leq 3$
$\frac{d}{dt}\Vert(\nabla u, \nabla\omega, \nabla b)\Vert_{L^{2}}^{2}+(2\mu+\frac{1}{2}\chi)\Vert D^{2}u\Vert_{L^{2}}^{2}$
$+\gamma\Vert D^{2}\omega\Vert_{L^{2}}^{2}+\nu\Vert D^{2}b\Vert_{L^{2}}^{2}+2\kappa\Vert\nabla div\omega\Vert_{L^{2}}^{2}$
$\leq C_{r}\Vert u\Vert_{3/r,2\log^{P}L}^{\frac{2}{\mathcal{M}_{L}1-r}}\Vert(\nabla u, \nabla\omega, \nabla b)\Vert_{L^{2}}^{2}$ . (75)
(75)
$\sup_{0\leq t\leq T}\Vert(\nabla u(t), \nabla\omega(t), \nabla b(t))\Vert_{L^{2}}^{2}$








$\leq |\langle\partial_{x_{i}}(u\cdot\nabla)u, \partial_{x_{i}}u\rangle|+|\langle\partial_{x_{i}}(b\cdot\nabla)b, \partial_{x_{i}}u\rangle|+|\langle\partial_{xi}(u\cdot\nabla)b, \partial_{x_{i}}b\rangle|$
$+|\langle\partial_{x_{i}}(b\cdot\nabla)u, \partial_{x_{i}}b\rangle|+|\langle\partial_{x_{i}}(u\cdot\nabla)\omega, \partial_{x_{i}}\omega\rangle|+2\chi|\langle\nabla\cross\partial_{x_{i}}u, \partial_{x_{i}}\omega\rangle|$
$= \sum_{k=1}^{6}B_{k}$ (77)
$B_{1} = 1 \int_{3}\partial_{x_{i}}(u\cdot\nabla)u.\partial_{x_{i}}udx$
$\leq \Vert\nabla(u\cdot\nabla)u\Vert_{L^{2}}\Vert\nabla u\Vert_{L^{2}}$
$\leq \Vert\nabla(u\cdot I_{r}(-\triangle)^{\frac{r}{2}}\nabla)u\Vert_{L^{2}}\Vert\nabla u\Vert_{L^{2}}$
2.8
$B_{1}\leq C\Vert Du\Vert_{L^{2}}\Vert\nabla u\Vert_{\mathcal{M}_{L^{2}\log^{P}L}^{3/r}}\Vert Du\Vert_{\dot{H}^{r}}$ . (78)
$B_{1} \leq C\Vert Du\Vert_{L^{2}}\Vert\nabla u\Vert_{\mathcal{M}_{L^{2}\log^{P}L}^{3/r}}\Vert D^{2}u\Vert_{L^{2}}^{r}\Vert Du\Vert_{L^{2}}^{1-r}$
$\leq C(\Vert D^{2}u\Vert_{L^{2}}^{2})^{\frac{r}{2}}(\Vert\nabla u\Vert_{3/r,2_{\log^{p}L}}^{\frac{2}{\mathcal{M}_{L}2-r}}\Vert Du\Vert_{L^{2}}^{2})^{\frac{2-r}{2}}$




$B_{2}, B_{3}, B_{4} \leq\frac{v}{18}\Vert D^{2}b\Vert_{L^{2}}^{2}+C_{r}\Vert\nabla u\Vert_{3/r,2_{\log^{p}L}}^{\frac{2}{\mathcal{M}_{L}2-r}}\Vert Db\Vert_{L^{2}}^{2}$ (80)
$B_{5} \leq\frac{\gamma}{6}\Vert D^{2}\omega\Vert_{L^{2}}^{2}+C_{r}\Vert\nabla u\Vert_{3/r,2_{\log^{p}L}}^{\frac{2}{\mathcal{M}_{L}2-r}}\Vert D\omega\Vert_{L^{2}}^{2}$ . (81)
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$i=1,2,3$ (78), (79), (80), (81)
$\frac{d}{dt}\Vert(\nabla u, \nabla\omega, \nabla b)\Vert_{L^{2}}^{2}$
$+(2 \mu+\frac{1}{2}\chi)\Vert D^{2}u\Vert_{L^{2}}^{2}+\gamma\Vert D^{2}\omega\Vert_{L^{2}}^{2}+\nu\Vert D^{2}b\Vert_{L^{2}}^{2}+2\kappa\Vert\nabla div\omega\Vert_{L^{2}}^{2}$
$\leq C_{r}\Vert\nabla u\Vert_{3/r,2_{\log^{p}L}}^{\frac{2}{\mathcal{M}_{L}2-r}}\Vert(\nabla u, \nabla\omega, \nabla b)\Vert_{L^{2}}^{2}$ . (82)
(82)
$\sup_{0\leq t\leq T}\Vert(\nabla u(t), \nabla\omega(t), \nabla b(t))\Vert_{L^{2}}^{2}$
$\leq\Vert(\nabla u_{0}, \nabla\omega_{0}, \nabla b_{0})\Vert_{L^{2}}^{2}\exp(C0\int^{t}\Vert\nabla u(s)\Vert_{3/r,2_{\log^{p}L}}^{\frac{2}{\mathcal{M}_{L}2-r}}ds)$ (83)
3.2 3.3
3.4 3.4
$(\tilde{u},\tilde{b})$ $(u_{0}, b_{0})$ $(0, T)$













$\Vert u\Vert_{L^{2}}^{2}+\Vert b\Vert_{L^{2}}^{2}+2\int_{0}^{T}\Vert\nabla u\Vert_{L^{2}}^{2}+\Vert\nabla b\Vert_{L^{2}}^{2}d\tau\leq\Vert u0\Vert_{L^{2}}^{2}+\Vert b_{0}\Vert_{L^{2}}^{2}$ , (84)
$\Vert\tilde{u}\Vert_{L^{2}}^{2}+\Vert\tilde{b}\Vert_{L^{2}}^{2}+2\int_{0}^{T}\Vert\nabla\tilde{u}\Vert_{L^{2}}^{2}+\Vert\nabla\tilde{b}\Vert_{L^{2}}^{2}d\tau\leq\Vert u_{0}\Vert_{L^{2}}^{2}+\Vert b_{0}\Vert_{L^{2}}^{2}$. (85)
$w=u-\tilde{u},$ $z=b-\tilde{b}$
$I_{1}=-\int_{0\mathbb{R}}^{t}\int_{3}u\cdot(w\cdot\nabla)wdxd\tau, I_{2}=-\int_{0\mathbb{R}}^{t}\int_{3}b\cdot(w\cdot\nabla)zdxd\tau$
$I_{3}=\int_{0\mathbb{R}}^{t}\int_{3}b\cdot(z\cdot\nabla)wdxd\tau$, I4 $= \int_{0\mathbb{R}}^{t}\int_{3}u\cdot(z\cdot\nabla)zdxd\tau$
$\Vert w\Vert_{L^{2}}^{2}+\Vert z\Vert_{L^{2}}^{2}$ $=$
$\Vert u\Vert_{L^{2}}^{2}+\Vert b\Vert_{L^{2}}^{2}+\Vert\tilde{u}\Vert_{L^{2}}^{2}+\Vert\tilde{b}\Vert_{L^{2}}^{2}-2\int_{\mathbb{R}^{3}}u.\tilde{u}dx-2\int_{\mathbb{R}^{3}}b\cdot\tilde{b}dx$
$\leq -2\int_{0\mathbb{R}}^{t}\int_{3}|\nabla w|^{2}dxd\tau-2\int_{0\mathbb{R}}^{t}\int_{3}|\nabla z|^{2}dxd\tau+\sum_{j=1}^{4}I_{j}$. (86)
$\int_{0\mathbb{R}}^{t}\int_{3}u\cdot(w\cdot\nabla)udxd\tau=0=\int_{0\mathbb{R}}^{t}\int_{3}b\cdot(w\cdot\nabla)bdxd\tau.$
(86) Il
$| I_{1}| \leq C\Vert u\Vert_{L}2\sim-r(0,t,\mathcal{M}_{L^{2}\log^{P}L}^{3/r})(\int_{0}^{t}\Vert\nabla w\Vert_{L^{2}}^{2}d\tau)^{\frac{1}{2}}(\int_{0}^{t}\Vertw\Vert_{r}^{\frac{2}{\dot{H}r}}d\tau)^{\frac{r}{2}}$ (87)
$\Vert w\Vert_{\dot{H}^{r}}\leq\Vert w\Vert_{L^{2}}^{1-r}\Vert\nabla w\Vert_{L^{2}}^{r}$ . (88)
(88) (87)
$|I_{1}|$ $\leq$ $C \Vert u\Vert_{L^{\frac{-r2}{}(0,t,\mathcal{M}_{L^{2}\log^{P}L}^{3/r})}}(\int_{0}^{t}\Vert\nabla w\Vert_{L^{2}}^{2}d\tau)^{\frac{1}{2}}(\frac{2(1-r)}{L^{2}r})^{\frac{r}{2}}$
$\leq C\Vert u\Vert_{L^{1^{\frac{2}{-r}}}}(0,t,\mathcal{M}_{L^{2}\log^{P}L}^{3/r})^{\Vert w\Vert_{L^{\infty}(0,t,L^{2})}^{1-r}\Vert\nabla w\Vert_{L^{2}(0,t,L^{2})}^{1+r}}$
21
141
$a^{\alpha}b^{1-\alpha}\leq\alpha a+(1-\alpha)b\leq a+b, a, b\geq 0, 0\leq\alpha\leq 1$
$|I_{1}|\leq C\Vert u\Vert_{L^{T^{\frac{2}{-r}}}(0,t,\mathcal{M}_{L^{2}\log^{p}L}^{3/r})}(\Vert\nabla w\Vert_{L^{2}(0,t,L^{2})}^{2}+\Vert w\Vert_{L^{\infty}(0,t,L^{2})}^{2})$ .
$\sum_{i=1}^{n}\frac{1}{p_{i}}=1$
$s_{1}.s_{2} \ldots.s_{n}=\exp(\sum_{i=1}^{n}\log s_{i})=\exp(\sum_{i=1}^{n}\frac{1}{p_{i}}\log s_{i}^{p_{i}})\leq\sum_{i=1}^{n}\frac{1}{Pi}\exp(\log s_{i}^{p_{i}})=\sum_{i=1}^{n}\frac{s_{i}^{p}}{p_{i}}$
$|I_{2}|$ $\leq$
$C \Vert u\Vert_{2}\Vert\nabla z\Vert_{L^{2}(0,t,L^{2})}L^{\mapsto-r}(0,t,\mathcal{M}_{L^{2}\log^{P}L}^{3/r})(\int_{0}^{t}\Vert w\Vert_{r}^{\frac{2}{\dot{H}r}}d\tau)^{\frac{r}{2}}$
$\leq C\Vert u\Vert_{L}\neq_{-\overline{r}}(0,t,\mathcal{M}_{L^{2}\log^{p}L}^{3/r})^{\Vert w\Vert_{L^{\infty}(0,t,L^{2})}^{1-r}\Vert\nabla w\Vert_{L^{2}(0,t,L^{2})}^{r}\Vert\nabla z\Vert_{L^{2}(0,t,L^{2})}}$
$\leq C\Vert u\Vert_{L^{\frac{-r2}{}}}(0,t,\mathcal{M}_{L^{2}\log^{P}L}^{3/r})(\Vert w\Vert_{L(0,t,L^{2})}^{2}\infty+\Vert\nabla z\Vert_{L^{2}(0,t,L^{2})}^{2}+\Vert\nabla z\Vert_{L^{2}(0,t,L^{2})}^{2})$ ,
$|I_{3}|\leq C\Vert u\Vert_{L^{+_{-r}}}(0,t,\mathcal{M}_{L^{2}\log^{P}L}^{3/r})(\Vert w\Vert_{L^{\infty}(0,t,L^{2})}^{2}+\Vert\nabla z\Vert_{L^{2}(0,t,L^{2})}^{2}+\Vert\nabla z\Vert_{L^{2}(0,t,L^{2})}^{2})$
$I_{4}$




$\leq -2\int_{0\mathbb{R}}\int_{3}|\nabla w|^{2}dxd\tau-2\int_{0\mathbb{R}}\int_{3}|\nabla z|^{2}dxd\tau$
$+C_{0}(\Vert u\Vert_{L^{I^{\frac{2}{-r}}}(0,t,\mathcal{M}_{L^{2}\log^{P}L}^{3/r})}+\Vert b\Vert_{L^{\frac{-r2}{}}(0,t,\mathcal{M}_{L^{2}\log^{P}L}^{3/r})})$




$C_{0} (\Vert u\Vert_{L} (0,t,\mathcal{M}_{L^{2}\log^{P}L}^{3/r})+\Vert b\Vert_{2}L^{\ulcorner-\overline{r}}(0,t,\mathcal{M}_{L^{2}\log^{P}L}^{3/r}))<1.$
$\tau>0$ $\tau\leq T$
$w=z=0$ on $[0, \tau].$
$\{\tau>0:w=z=0 on [0, \tau]\}$
$(0, \infty)$ 3.4
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